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Abstract In this paper we obtain the Wigner functions of two-variable Hermite polynomial
states (THPS) and their marginal distribution using the entangled state |§) representation.
Also we obtain tomogram of THPS by virtue of the Radon transformation between the
Wigner operator and the projection operator of another entangled state |n, t;, 7).
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Wigner function - Tomogram function

1 Introduction

Squeezed states [1] has been a major topic in quantum optics since 1970s. The quantum
states of squeezed light can be measured by optical tomography which is based on the
relation between the marginal distribution function for photon homodyne quadrature and
the Wigner function [2, 3]. In theory, Bergou et al. [4] found that the single-variable Her-
mite polynomial state (SHPS) is the minimum uncertainty state for the variables Y; and Y,
which describe amplitude-squared squeezing, where the operators ¥, = [a®> 4+ a%]/2 and
Y, = [a® — a™]/(2i) obey the uncertainty relation AY;AY, > (N + 1/2). The minimum
uncertainty state, which makes the uncertainty relation minimum AY,AY, = (N + 1/2), is
taken the following form

Im, v) = C,, (v)S(E)Hy (iy (v)a")[0), (1

where H,, (x) is the m-order Hermite polynomial [5],
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2 N
H,(x) = g o =201 2 (@)
and C,, (v) is the normalization constant,
[m/2] 2 29m—2n
o (m)~[4]y )17
(]2 = ; o T 3

The SHPS is of physical interest because it can be generated by a degenerate parametric
amplifier [4]. Especially, for the state |1, v) it can be produced by using a one-photon number
state as the input for a degenerate parametric amplifier because it is a squeezed one-photon
state. Recently, Fan et al. [6] first introduced the concept of Sum-Frequency squeezing for
the variables Z; and Z,,

1o i
Z = E(alaz +aiay), Z), = E(QIa; —a1az), “4)

which obey the uncertainty relation AZjAZy > 1(N; + N + 1). If (AZ))? < 1(N; +
N, + 1), the state is said to be Sum-Frequency squeezing in the Z; direction. The minimum
uncertainty states that make the uncertainty relation minimum AZ;AZ, = %(N 1+ N+ 1)
for Sum-Frequency squeezing are the solutions to the eigenvalue equation:

(Zi +ixZ)y) = BlY), &)

where 8 = %,/ x%— 1(M + 1), M is nonnegative integer and x > 1. Through concise cal-
culation, the state |) is expressed as,

1¥) = Coun () S2(r)Hy n(fa], fal)|00), (©6)

where f2=—\/x2—1/x, 8:(r) = exp[r(afa; — ayay)] is the two-mode squeezed operator
and the normalization constant is

min(m,n) 1/2
Cm,n(X) = |: Z <’7> <7>m!n!|f|2(m+n21):| ) o

=0
Because H,, , (€, €*) is the two-variable Hermite polynomial [5],

min(n,m) (—)ln'm‘

D I ®

1=0

the state |i) is named as the two-variable Hermite polynomial state (THPS). Moreover,
Fan and Ye [6] emphasized that amplitude-squared squeezing is the limit of Sum-Frequency
squeezing because the SHPS is the limit of the THPS in degenerate conditions.

The aim of this paper is to find a concise method for obtaining Wigner functions of the
THPS. To achieve this aim, it would be convenient to use the Wigner operator in the en-
tangled state |£) representations [7]. The paper is organized as follows: In Sect. 2 we recall
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the bipartite entangled state |£) representation and its properties. In Sect. 3 we find the rela-
tion between the THPS and the squeezed number state (SNS). In Sect. 4 we obtain Wigner
function of THPS and its two marginal distributions using the entangled Wigner operator.
In Sect. 5 we obtain tomogram of THPS by virtue of the Radon transformation between the
Wigner operator and the projection operator of another entangled state |n, Ty, o) [7].

2 Bipartite Entangled State Representation

Let Q be the two particles’ center-of-mass coordinate Q = Q; + Q, and P, be the rel-
ative momentum P, = P; — P,, where Q;, P; are related to boson operators by Q; =
(a; +a§)/\/§, P = (a; — a?)/(«/ii), [a,-,a;] =4;j, 1, j = 1,2. Due to the fact that oper-
ators Q and P, are commutative, i.e., [Q, P,] = 0, they have the common eigenvector |£),
which is expressed as [8]

1 f i Pt
|s>=exp[—5|s|2+5a{ +&%a) —a1a2]|00>, ©
where |00) is two-mode vacuum state and & is complex, £ = &+ i&,. It can be proved that

Q18) =V2&18),  PE)=25]¢). (10)

Using the technique of integration within an ordered product (IWOP) of operators [9], we
can prove the orthogonal property and completeness relation

d2
(18" =78(& — £S5 — &), /;IS)(SI =1, d*s = d&,d&,. (an

In |&) representation the squeezed operator S»(r) can be expressed as

0 =0 [ Pee, u=e. (12)
Operating the operator S,(r) on the state |£) leads to
$(r)1§) = plpé) 13)
and S;(r) leads to the Bogoliudov transforms, i.e.,

S;lasz = a;r coshr + a, sinhr, s;1a§s2 = ag coshr + a; sinhr, (14)

SzaITS{] = alT coshr — a; sinhr, Sza;S{] = aj coshr — a; sinhr. (15)

3 Relation Between the THPS and the SNS

In order to obtain the Wigner function of the THPS, we first find the relation between the
THPS and the SNS. Owing to the generating function formula of H,, , (e, €*) [10]

oo

tml,/n
D ——Hyale.€") =exp(—tt +1e +1'€"), (16)
— m!n!
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where H,, ,(€, €*) possess the property
H:,,,,(ése*) = Hn.m(ev 6*)7 (17)

in two-mode Fock space the state (£]| is expanded as

(§l=(Jj. kle Hy (.87, (18)

—512/2
j;0 Y ‘k

where (j, k| = (00| j% is the two-mode number state. Thus the inner product between (£
and |q, p) is
1
— plEP2 *
(Elg.p)=e p!q!Hp.q(EvE ). (19)

Using (12)—(13) and (16) we obtain
/g
P L anh ) 028, g, p)

sech
B /L(tanhr)‘(”‘”/z / d25
- sec hr b4

lu&)e EP2H, (8, E)

p(tanhr)~P+a)/2 ga+p / d’¢ (u* + DIgI? +
= - - t
sec hr atP ot b4 xp 2 +(uay + 0§
+(pay +1)E" —1t' —a a2}|00>|t =0
9a+r .
= (tanh r)_(p+")/2W exp{—tt’tanhr +t'a sechr
+ ta; sechr + a;a} tanhr}[|00),——o
V2a] V24, ) 7ot
, exp(a,a, tanhr)|00). 20
<«/sinh2r Jsimnar ) PG 100) 20

Using the Bogoliubov transforms in (14)—(15), (20) can be converted into

Vprlq!

sechr

aq _ _a

+/tanh r +/tanhr

which show that the THPS may be regarded as the SNS. Comparison between (6) and (21)
show that the squeezed parameter » must be smaller than or equal to zero. For the conve-
nience of deriving the Wigner function and tomogram function of the THPS, we define |¢)
as

(tanhr)~P*9728,(r)|q, p) = S»(r) q,,( )|00>, 1)

|6)=Cqp(r) 7~ (tanhr) PrO28,(r)lg, p), (22)

where C, ,(r) is the same of (7) while for f =1/+/tanhr. From (6) and (21)—(22) we see

that the state |¢) is the normalized THPS in fact, so we may use the SNS |¢) to discuss the
THPS and its some properties.
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4 Wigner Function of the THPS and Its Marginal Distributions

The two-mode Wigner operator A;(xy, p1)Ax(x2, p2) in |€) representation is expressed
as [7]:

dZS * *
A(y.p)=/?|y—s><y+5|exp<s p—Ep"), 23)

where y =a + B*, p=a — B*, a = (x1+ ip1)/v2, B = (x2+ ip2)/+/2. From (22) and
(23), we obtain the Wigner function of the THPS

ICy,p (M plg!

e hranhryrs @ PIS AP NSOl p). 24

W(p,v) = {(¢|A(p, y)|p) =

Using (13) and (19) we obtain the inner products,

1
(¥ +E182(01q. p) = —==Hp[(y + &)/, (v +&)"/ulexpl=|y +£*/21°], (25)

M~/ D-q

(q,pISy' (ly +&) = H, ,[(y — &) /1, (v — &) /ulexpl—|y — &*/21%], (26)

1
nA/plq!

so the inner product (g, p|S; " (r)A(p, ¥)S2(r)lq, p) is

(g, pI1Sy (AP, ¥)S2(r)lg. p)

d2
~tapl [ Mzi (v = )/ +8)/1lexp(Ep — £p7) g, p)

1 d?
= 2l / n—fexm—l(y —E)2/21% — |(y + &) /2u> + E*p — Ep*]
x Hy  [(y +8&) /1, (v +§)*/[,L]Hq,,,[(y &)/, (y — &) /ul

1 3‘1+P 3‘1+P dzg 2 2 2 2 * *
= 272 plq! 917919 9599577 —exp| —[§17/u" = lyI"/u"+&p—§p

_tt/+y+$t+(y+$) l/—SS/+y_$S+(V_E) SC|
n n n
1 Q4tr  gatr 2 ¢ Py /g%
= exp —ﬂ—tt'—ss'—l——y—i—i— v sE
urm?plq! 9rPord 9s19s'? u? W n m
d’¢ [€]2 s t s
X/—;CXP[——Z‘F%'*(P'F———)+E(—P*+———)]- 27
ua w ! T
Further, using
dzz 2 * 1 f’l
— exp(Elz] +5z+nz)=—EeXP 7 ) Ref <0, (28)
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and (24) we obtain the Wigner function of the THPS

2,240,212
|C ’)(,ﬂ)|2€—(h/\ /1 +uslpl)
W(p,y)=—"

H , *
22 sec lor (anh r) P pool(Y /et up), (v/ i+ up)’l

X Hy o[y /e —pnp), (v /10 — up)*1. (29)
From (29) we see that the Wigner function W (p y) gives rise to the quadrature squeezing,
which are associated with the variances of the quadrature fluctuations. By reason that u
plays the role of a squeezing parameter, when u < 1, we clearly see that the Wigner distri-
bution can be compressed along the p direction at the expanse of an increase along the y

direction.
Noting the relationship between H,, ,, and the Laguerre polynomial L,,,

Hyy (e, %) =m!(=1)" Ly (|e]?), (30)
we can put further (29) into

1Cy.p(r) ey P/ +ulpl)

W(p,y)= lgi(=1)PTL L — upl?.
(0, v) 2 sechr (@nh )7 pla! (=D Ly(ly /i + pol ) Ly (v /1t — pol”)
€Y}
From (23) carrying out the integral over d?p for A(p, y) leads to [7]
2 1
d"pA(p,y) = ;IS)(SI;:V, (32)
owing to
1
(E152()1q. p) = —==H) 4 (5 /1. §" /) exp(—|§*/214°), (33)
ur/plgt "
so we obtain a marginal distribution of the Wigner function of the THPS in the y variable
1 1Cpg(MI?
d2 w , I 2 — r.q H , * 2
/ PW(p,y) = —IEIP);-, - Sechzr(tanhr)pﬂ,l pa (V17 10)]
x exp(—ly /). (34

Similarly, performing the integration of A(p, y) over d*y leads to another projection oper-
ator, i.e.,

1
/d2yA<p,y>= — I nly=p, 35)

where the state |n) is the common eigenstate of two particles’ relative position (Q; — Q)
and the total momentum (P; + P,) in two-mode Fock space [10], i.e.,

(Q1 — Q) In) =v2mIn),  (Pi+ Po)ln) =~2mln), (36)
its explicit expression is
In) = expl—[n|*/2 + na] — n*aj +aja1100), n=mn +in, (37)
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which is capable of making up the complete entangled state representation. In this represen-
tation the squeezed operator S,(r) can be expressed as

d2
$y(r) = / /). (38)
LT

Using the expansion of |n) in the Fock space
o0
—inP (=DF )
n)=e Inl*/2 Z WHj,k(ﬂJl*)U,k) 39
S V!

and (38) we obtain another marginal distribution of the Wigner function of the THPS in the
p variable,

p2Cpq (N
7 sec h?r (tanhr)Pta

f Iy W(p.y) = |Hp.q (o, up*) > exp(=p2[p*).  (40)
Equations (34) and (40) are proportional to the probability for finding the two particles under
the THPS in an entangled way in the p — y phase space.

5 Tomogram of the THPS

The use of tomograms in quantum mechanics and quantum optics provides the possibility
of describing a quantum state with a positive probability distribution. A direct description of
quantum states by means of quantum tomograms for the system observables is interesting
from both the theoretical and experimental points of view. Therefore, in recent years tomo-
gram approach has brought much interest of physicists. In this section we continue to derive
the tomogram of the state |¢), which is defined as [7]

T, n)=m // d?pd®y8(ni — iyt — vip2)8(n2 — vaya — wap)Wip, y),  (41)

—00

where 71, T2, p and y are complex numbers, 7; = |7;]€l = pu;+iv; (j =1,2), p = p1 +ip2
and Yy = y,+ iy,. However, it will be very tough to evaluate the integration if we directly
substitute (29) into (41). Fortunately, we can use the following relation between the Wigner
operator and the projection operator of the state |7, 7|, 75)

o0
In,t, ), 0, 0l=7 // d*pd*y8(ni — piyi — vip2)8(2 — vayr — pap) Alp, ¥).

—00
(42)
Thus the tomogram of the state |¢) is

o0
TGt 0) = f/ P pdy 8 — iys — vip2)S(n — v2va — 2Py DI 1))
—00

=(n, 11, o), (43)
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which shows that for tomographic approach there exists the entangled state |n, 71, 72), and
the Radon transforms of the Wigner operator are just the entangled-state density matrices
[n, T1, T2) (N, T1, T2|. As a result, the tomogram of quantum states can be considered as the
module-square of the states’ wave function in this entangled state representation. This is
a new way to derive tomograms of quantum states. Here the entangled state |, 7, 7o) is

expressed as

[n, 1, T2) = Aexp[B + CalT + Da; + Eal%a; - FaIf2 - Fa§2|00),

where
1 i 3 mo om
A= , B=-— - , C=—+—,
NIEEA 2lu > 2Jnf? 0
1 . ) 1 . .
D:_n_i—'_n_i’ E:_(EQG] —61282), F:—(e‘zel +€1292),
LA 2 4

then the tomogram amplitude of the state |¢) is

C,.p(r)(coshr)ptitl
(tanh r)(l’+q)/2

(@ln, 11, 12) = (00 exp(ajaz tanhr)a?ax’ |n, Ty, ©2).

In order to obtain the tomogram amplitude, we first obtain

(00| exp(aya; tanhr)a;?a,” |n, 11, 12)
d*zd’z
:A(00|exp(alaztanhr)alqaz”/%kl@)(z]zgl
i t tot g 2 o2
x exp[B + Ca| + Da, + Ea,a, — Fa;” — Fa,"1|00)

dzZ dZZZ
:A/#Zlqzzl’exp[_klf_|Z2|2+Z1Z2tanhr+8

+Czi 4+ Dz} + EZlzs — FZi? — Fz32)

gatr / d*z1d*z,
AIIEP 72

+rzi +E0+C+ D+ EZNz — FZi2 — Fg3h).

exp(—|z1)* — |z2)* + z1zo tanhr + B

Carrying out the integral over d*z; and d”z, for (47) leads to

q+p
Equation (47) = N exp(—K2\2 4+ (GE+T)L — NE2+ LE + P)
A ar GE+T
- \/—MKmeP dEr <W) exp(—=N&* + L)

= \/%Kq/zep io (f) [%H"<%)]

(44)

(45)

(46)

47
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e
X - exp(—N&E“ + L&)

dgr—
2ig! G\ T
K‘”z P — | H, | —=
‘ Z( )(q—m(zﬁ) ’ (N?)
: L
NPH, [ ——), 48
8 ! <2ﬁ) @)

where we have used the generating function formula of H,(x) [5]
8?’!
H,(x) = e g (49)

and the recurrence relation of H, (x)

d! 2'n!
ﬁHn(x) = mHn—z(x) (50

and the parameters are given by, respectively

(2E + 4F?*tanhr — E*tanhr) F tanhr

. F 51
- N 51)
E 4 (4F? — E®) tanh F
o +( )tan r v=F. (52)
M M
CE —2DF)tanhr + (2F% — E?)C tanh’
T=( ) tanh r + ( )C tan e (53)
M
L. D=QCF+DEyunhr (C—DFunhnDunhr .
m M
M = [(E +2F) tanhr — 1][(E — 2F) tanhr — 1]. 2

So the tomogram amplitude of the state |¢) is

C,.p(r)(coshr)Pta+l A a 2/q!
9 9 = - Kq/2 P
(@n, 71, 1) (tanhr)P+0)/2 ¢ ,Zo: (g —1)!

(Sl e

Using (43) we can obtain the tomogram of the state |¢)

C, p(r)(coshr)Ptatl A P " (p\ 2q!
p— e E .
(tanh )P0z /pp <\ 7/ (g—0)!

(7)o (37|

x| —= -i\ /= -i\ —=

2wK) T\ 2VK " \2vN

Therefore, experimentally one can measure the module-square of the wave function |¢) in

the entangled state |n, 7, 7;) representation, then the tomogram of the state |¢) is obtained
and also the state |¢) is measured.

YYmrhh)=‘

(57)

@ Springer



Int J Theor Phys (2009) 48: 3268-3277 3277

6 Conclusions

In summary, we have used the entangled state representation of Wigner operator to derive the
Wigner function of the THPS in an entangled way in the p — y phase space. The result may
be useful for experimentalists because they usually regard the entanglement of the two-mode
correlated quantum states as a physical resource in quantum communication. The tomogram
of the THPS is calculated with the aid of newly introduced entangled state representation
(n, T1, 2| in quantum optics. We emphasize that tomogram of any two-mode correlated
quantum state |¢) is just | (1, 71, T2| )|
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